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Module 1:
Deep Learning for Structured Outputs




Deep Learning

* Over decades, optimizing deep neural networks was not trivial.




Deep Learning

* Over decades, optimizing deep neural networks was not trivial.

* Progress came from ( takﬁhn for granted nowadays):

@nltlallzatlon — Ve 3
* Optimizers (Adam, gradient condltlonlng)
* Normalization (BN, LN, GN, etc.)
kip connection (recurrent net, residual net, preserving gradients)

L _* Regularization (dropout, noise, augmentation)
[ Attention (generalization, parallelization

W
1

NYU



Classification

* To test how we can fit a deep neural network well, people have relied
on simple benchmarks, such as image classification.
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What are Structured Outputs?

* An embodied agent needs to have a
structured output space.
* Object localization, tracking, motion, spatial

segmentation, 3d occupancy

* Trajectory, forecasting, planning




What are Structured Outputs?

* An embodied agent needs to have a
structured output space.

* Object localization, tracking, motion, spatial
segmentation, 3d occupancy

* Trajectory, forecasting, planning

* A naive solution is to simply have multiple
output dimensions.




What are Structured Outputs?

* An embodied agent needs to have a
structured output space.

* Object localization, tracking, motion, spatial
segmentation, 3d occupancy

* Trajectory, forecasting, planning

* A naive solution is to simply have multiple
output dimensions.

* |t often does not reason the joint probability
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Network Architecture for Structured Outputs

* Segmentation
* Spatial, high-resolution

inlwna%g > > olele output
tile | JEd segmentation
2 & & map

forward /inference

backward /learning

20, =6 512 256
’Itl zu’lfl =>conv 3x3, ReLU
: :3' 512 512 1024 b:;ﬁ 1 25 Eopancicion
-~ e e # max pool 2x2
R / 45 B 4 up-conv 2x2
=» conv 1x1

‘4 NYU




Network Architecture for Structured Outputs

* Object Detection

R-CNN: Regtons with CNN features

:

warped region

_______________ C NN N4 :
1. Input 2. Extract region 3. Compute 4. Classify
image proposals (~2k) CNN features regions

Girshick et al., 2013

. classifier
<50

P PG N
y

3 ,
; \
b
proposals —
7 7 A s
/// //

X Hid e &

Region Proposal NetworkL \ ‘ -
feature maps
,7/

conv layers I

Ren et al., 2015
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Object Detection as Inference

* Bounding boxes are structured latent variables.




Object Detection as Inference

* Bounding boxes are structured latent variables.

* Occupancy as physical constraints.
* One spatial 3D location can only present a single

physical object. @_ﬁ
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* Context




Object Detection as Inference

* Bounding boxes are structured latent variables.

* Occupancy as physical constraints.

* One spatial 3D location can only present a single
physical object.

* Object co-occurrence in the scene
* Context

* The role of the network is to perform “inference”
on the latent variables.




Non-Maximal Suppression

* Box Proposals: Samples of yy
293
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Non-Maximal Suppression

* Box Proposals: Samples of /' m——

mustardiOi 9,

boxes that may come from a =1

orangoranae.Juice(0.86Y0.75)=5
orangerce(O 56)4)

single object (latent)

e Each with a confidence score,
density representation of the
inferred latent distribution
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Non-Maximal Suppression

* Box Proposals: Samples of , A v
mustard(0.34);, mustard(0.99)
boxes that may come from a ""“""’"‘“"5”_ i |

orango aaaaa Juice(O 86)0. 75)
g J (0 56)i4

oréngieJuice(0.91)
| ———

single object (latent)

* Each with a confidence score, 4 .
density representation of the B i 3"":
inferred latent distribution : ol |
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- take the mode of the
distribution
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Segmentation as CRF Inference

> |

DCNN E\S)—‘)\ k ; @ Aeroplane Coarse

: Score ma
Atrous Convolution "‘&
— B@ER D — ’ |

Bi-linear Interpolation

Final Output Fully Connected CRF

Chen et al., 2015

)




Inference Problem

* Knows p(x|z).
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Inference Problem O

. Know &
* Wants to know p(z|x). Bayes rule. @

x,z;0
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Inference Problem

* Knows p(x|z).
* Wants to know p(z|x). Bayes rule.

p(z|z; 0) = p(L,2; 9)

e Brute force
-
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Inference Problem

* Knows p(x|z).
* Wants to know p(z|x). Bayes rule.

x,z;0
plelest) = P2

* Brute force
* Message passing, sum-product, belief propagation (DP)

-_ = r 9o




Inference Problem @

* Knows p(x|z). i Q%\ﬂ
* Wants to knov@ Bayes rule. & %

&

x,z;0

* Brute force
* Message passing, sum-product, belief propagation (DP)
 Variational inference, mean field




Inference Problem

* Knows p(x|z).
* Wants to know p(z|x). Bayes rule.

Z‘x (9 PM)

R
e Brute force

* Message passing, sum-product, belief propagation (DP)
 Variational inference, mean field
* Stochastic sampling, MCMC

ANYU




Variational Inference

* Jensens inequality to get ELBO.

log p(x) = log / .

o ]
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Variational Inference

* Jensens inequality to get ELBO.
log p(z) = log /

p(, z)
= log / mz)




Variational Inference

* Jensens inequality to get ELBO.

@:log/ p(x, z)

10g/z a:z)%
1og\(/f)é ))))

> [E, log

"

q(Z) ~
= Elog(w, z) —E,logq(z) = L.

ANYU




Mean-Field Inference

* If there are many latent variables, we can assume factorization (local
variational approximation):




Mean-Field Inference

* If there are many latent variables, we can assume factorization (local
variational approximation):

q(215 -5 2m) = [ =1 a(z;)

L =logp(z) + X1, Bz, log plz; |




Inference Operations

* CRF with pairwise energy. Use x as labels.

Z"pu 37@ + Z"pp x'wxj) 4\[\\/

i Q\C‘/
R

vroey g S

[Krahenbuhl & Koltun, 2012]
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Inference Operations

* CRF with pairwise energy. Use x as labels.

E(X) = Z"pu(xz) + Z"pp(xia xj)a

1<j

Up(@iy ;) = p(xs, x5) ey w™E™ (£, £;)

- -

k(f;,f5)

[Krahenbiihl & Koltun, 2012]
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Inference Operations

* CRF with pairwise energy. Use x as labels.

Zwu L4 +Z¢p Ty Tj),

1<J

&
Vp(Ti, T5) = (s, wj)gjﬁzl wm™ M) (f;, sz % @/

/\ )
kM) (£;, £;) = exp(—% (£ — £;) TA™(£; — £;)) it eXp( pi — p;|? (202 >+w(2 _|pi —pjl )

k(évgb)

262 292
appeara;e kernel mﬁnel

o) — . . Krahenblhl & Koltun, 2012
p(zi,z;) = [z # 4] [ ]
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Inference in Fully Connected CRF

Algorithm 1 Mean field in fully connected CRFs

* |terative mean-field inference. miiixeq > Qu(w) + 4 op{~u(e:))
while not converged do > See Section 6 for convergence analysis
Q™ (1) « > K (£, £5)Q; (1) for all m > Message passing from all X to all X;
Qi(z;) « dier p™ (2, ), w(m)ng) ) > Compatibility transform
Qi(:) + exp{—tu(:) — Qi(:)} > Local update
normalize Q;(x;)
end while

[Krahenbuhl & Koltun, 2012]

(a) Image (b) Unary classifiers (c) Robust P™ CRF (d) Fully connected CRF, (e) Fully connected CRF, (f/l NYU
MCMC inference, 36 hrs our approach, 0.2 seconds |




!

FCN + CRF-RNN

|

P |
I Meanfield :
U | Iteration Hy — ~~ LY
| H Hz = &2 Qi(l) + £+ exp (Ui(1)) for all ¢ > Initialization
' fo(U, Hy,I) | . .
: : while not converged do
| | Q™ () = 3,4 K™ (£:,£,)Q; (1) for all m |
| @D | > Message Passing
| s Qi) « X, w™Q™ (W)
: X > Weighting Filter Outputs
E | Softmax E Q'l(l) A Zl’e[, l’l’(l7 ll)Qz(l/)
» |Normalization ! ) > Compatibility Transform
Qi(l) < Ui(l) — Q:i(l)
! : > Adding Unary Potentials
o . Qi < = exp (Qz(l))
Figure 2. The CRF-RNN Network. We formulate the iterat Z; o
mean-field algorithm as a Recurrent Neural Network (RNN). G . > Normalizing
ing functions GG1 and G are fixed as described in the text. end while

[Zheng et al., 2015] NYU



Summary

* Perception of high dimensional objects can be viewed as inferring
latent variables with probabilistic distributions.
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Summary

* Perception of high dimensional objects can be viewed as inferring
latent variables with probabilistic distributions. nheenu -

* We can impose structure. @
* We can learn through the inference process.
* Taking the inference process into account. “

* Learning representations that matter.
F//\_/\_/_




Some Nuances

* If the process is deterministic or unimodal, standard deep networks
may work.
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Some Nuances

* If the process is deterministic or unimodal, standard deep networks
may work.

* Network forward propagation vs. relaxed probabilistic inference.
* Having a stronger prior has the potential to be more data efficient.

* And you will need structured / generative learning when there are
multiple modes.

 E.g. Motion generation and planning: there can be multiple future
trajectories

L




Deep Generative Models

* Autoregressive models
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Deep Generative Models

* Autoregressive models

* Energy-based models
* CRF
* Max-Margin

* Normalizing flow




Deep Generative Models

* Autoregressive models

* Energy-based models
* CRF
* Max-Margin

* Normalizing flow
* Diffusion models




Autoregressive Modeling

* Another type of output is autoregressive modeling.




Autoregressive Modeling

* Another type of output is autoregressive modeling.
* Example: Object detection/segmentation.




Autoregressive Modeling

* Another type of output is autoregressive modeling.
* Example: Object detection/segmentation.
* Intuition: Our visual attention focus on one object at a time.




Teacher Forcing

* Teacher Forcing: Pretend that you know the whole sequence
{y1 ... y+} at training time, and train for y; ;.

Autoregressive Model

S S S S S

X2 X3 X4 Xsg X6 X7

Train




Teacher Forcing

* Teacher Forcing: Pretend that you know the whole sequence
{y1 ... y+} at training time, and train for y; ;.

; 8| |||

Autoregressive Model Autoregressive Model

S S S S S f??MUUU

Train Test




Teacher Forcing

* Teacher Forcing: Pretend that you know the whole sequence
{y1 ... y+} at training time, and train for y; ;.

* Problem: You have to know the ordering.

; 8| | ]

Autoregressive Model Autoregressive Model

S S S S S ffoUUU

Train Test




More on Ordering

* There are many set to set problems.
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* E.g. Detection, segmentation, generating multiple objects, clustering




More on Ordering

* There are many set to set problems.
* E.g. Detection, segmentation, generating multiple objects, clustering

* Input does not follow a particular order. Loss function should not
favor a particular order.
* Attention: The attention operation is order-invariant.

* Matching: The teacher can match the next input based on the closest
matching ground truth instances.

Ol




Instance Segmentation using Attention

IT)) Score net | - = C_)Seg_.net1

* Attending to one region at a time. | > |
» Zooming in for segmentation. | LT gy

A
e End-to-end differentiable box proposals ! —
and external memory.

* State-of-the-art on leave segmentation
problems for many years.

l B) Box net

~— = = E=—1 =] =1 - o= <=

dy




Summary

* Autoregressive models
* Exact likelihood (instead of a lower bound or approximation)
* Conditional probability may be easier to model

easler to model
. W

* Can take a long time to decode
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* Planning
* Set prediction problems
* Perception




Summary

* Autoregressive models
* Exact likelihood (instead of a lower bound or approximation)
* Conditional probability may be easier to model

* Autoregressive models aren’t just for language.
* Planning
* Set prediction problems
* Perception

* Generating the next variable is a different objective from learning a
good representation of the whole sequence.
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Summary

* Autoregressive models
* Exact likelihood (instead of a lower bound or approximation)
* Conditional probability may be easier to model

* Autoregressive models aren’t just for language.
* Planning
* Set prediction problems
* Perception

* Generating t variable is a different objective from learning a
good representation of the whole sequence.

* No hierarchical planning.
Pranning ANYU




Energy-Based Modeling

* The goal is to learn a distribution p(x) to model the set of examples.




Energy-Based Modeling

* The goal is to learn a distribution p(x) to model the set of examples.
* Assuming Boltzmann distribution:

D e e
p(x;0) = Z%@) exp(—E(x;(0))

/_~///—_\/

2(6) = /X exp(— E(:0))




Energy-Based Modeling

* The goal is to learn a distribution p(x) to model the set of examples. g

. Y
Assuming Boltzmann distribution: )Ym\j@/i Jef®
p(z;0) = xp(—FE(x; 0
:0) = 7g) PP F0) A éj
Z(0)= [ exp(—FE(x;0)) |
X Picture from LeCun
* Maximizing the likelihood: V@a

- \ o az\ej & _ 0E(x:0) koo
90 gp @@ 90 96 -

A NYU




Structured Prediction

* EBM can be easily adapted to model the joint distribution of x and y.

* Requires optimization of y at inference time.
@fﬁ Wi E—L ><r j 7

- froy Y N

\/Mual SCem@ + X




Optimization

» Computing E,/p(a) [aEgZ ;0)} is non-trivial. We need to sample

from p(x).

Song & Kingma. How to Train Your Energy-Based Models.
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* Computing E./pa) {M} is non-trivial. We need to sample
from p(x).

 But we only know E (x)!

@
Song & Kingma. How to Train Your Energy-Based Models. 1 NYU




Optimization

* Computing E./pa) {M} is non-trivial. We need to sample
fromp(x).

 But we only know E (x)!
. ThroughWMH, Langevin, HMC, Gibbs.

@
Song & Kingma. How to Train Your Energy-Based Models. 1 NYU




Optimization

* Computing E./pa) {M} is non-trivial. We need to sample
from p(x).

 But we only know E (x)!
* Through MCMC samplers: MH, Langevin, HMC, Gibbs.
» Approximations: Using truncated steps (Contrastive Divergence)

Y%

U

K

@
Song & Kingma. How to Train Your Energy-Based Models. 1 NYU




Optimization

* Computing E./pa) {M} is non-trivial. We need to sample
from p(x).

 But we only know E (x)!
* Through MCMC samplers: MH, Langevin, HMC, Gibbs.
» Approximations: Using truncated steps (Contrastive Divergence)

e Score Matching: Tries to model the score function V, log pg(x)
* If we know the gradient, we can improve the samples. -
* Want the model gradient to match with that from the data distribution
* Closely related to diffusion models

ANYU




Max-Entropy Inverse RL

* Want to model the reward function of trajectories.

* Given a reward function, the policy distribution can be modeled as a
“Boltzmann distribution.

e Given e e les,.we can maximize the likelihood under such

distribution induced by the learned reward

(7|01, ) %/)exp <‘_4

can ignore (independent of 1))

N N
1 1
maximum likelihood learning:  max N Z log p(7;|O1.7,%) = max — Z ry (i) — log Z Slide credit:

v i=1 v N i=1 X Sergeylevine

ANYU




Max-Entropy Inverse RL

N

1
max ; ry(7i) —log Z Z = /p(T) exp(ry(7))dr
1 1
VoL = 5 30 Vurs(n) = 5 [ o) explro(m)Vory(r)dr
=1 \ ) \ "N
Y AN
@(\AV \?
P(T(”)l;:r,w)/ (WY
@ Erronr () [Vory(Ti)] = Erap(r017,0) [Vory (T)]
<_/\_’—/
’ \ Slide credit:
estimate with expert samples soft optimal policy under current reward Sergey Levine

@
Ziebart et al. Maximum Entropy Inverse Reinforcement Learning. AAAI 2008. 1 NYU




Max-Margin Learning

* In addition to probabilistic learning, we can also apply the max-
margin framework.
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e Review: SSVM vs. CRF.




Max-Margin Learning

* In addition to probabilistic learning, we can also apply the max-

margin framework. O
m &\UWQ \O@[}( I J\O/\ -

* Review: SSVM vs. CRF. / / / Cor

arg ming Zn , max O@+E Tn;0) — E(z*;0)]
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Max-Margin Learning

* In addition to probabilistic learning, we can also apply the max-
margin framework.

e Review: SSVM vs. CRF.

arg ming 3., _, max[0,m + E(z,;0) — E(z*;0)] + \||0]]3.

* Margin can be difference in trajectories.
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* In addition to probabilistic learning, we can also apply the max-
margin framework.

e Review: SSVM vs. CRF.
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* Non-probabilistic




Max-Margin Learning

* In addition to probabilistic learning, we can also apply the max-
margin framework. /

e Review: SSVM vs. CRF.

/\
arg ming 27]:7:1 max|0, m + E(xz,;0) — E(z*;0)] + \||0]]5. /

* Margin can be difference in trajectories.

* Non-probabilistic \F
* Still need to run optimization to find the best x QW\M@\L ‘




Max-Margin Planning

mode 1 - training mode 1 - leamed cost map over novel region mode 1 - learned path over novel region

mode 2 - trainng mode 2 - learned cost map over novel region mode 2 - learned path over novel region

Ratliff et al. Maximum Margin Planning. ICML 2006.




Learning Latent Representations

* z may contain useful high-level compressed information of the input.

Data space X Latent space Z
V‘gk_} ;
R Y e oai]
Inference F ARaREY e
A J ¥ v 74 L (AT

L P $ % = S —

Z = f (x) !“'Q@P_"@* YEGH e
Generation 3

z~ Pz ; =

z=f""(2)




Variational Autoencoders (VAE)

* z from a simple prior distribution.
* Optimize ELBO.

log pe (x) = log / po(x|2)p(2)dz




Variational Autoencoders (VAE)

* z from a simple prior distribution. ﬂ I )

* Optimize ELBO.

log pe (x) = log / po(x|2)p(2)dz

— log / Z(b(Z}X;pg(x\z)p(z)dz

ANYU




Variational Autoencoders (VAE)

* z from a simple prior distribution.
* Optimize ELBO.




VAE Problems

* Hard to transform the inputs to the prior distribution with a network.
* The coarser the approximation of g, the worse the lower bound.

p(z, 2)
q(2)
p(z|z)p()
q(2)

ELBO = / 1og

=K

q(z) log

ANYU




VAE Problems Yﬂ@ﬂ

=
* Hard to transform the inputs to the prior distribution with a network.

* The coarser the approximation of g, the worse the lower bound.




Normalizing Flows

@?equires a bijection between the input and output.




Normalizing Flows

* Requires a bijection between the input and output.
* Needs to maintain dimensionality.




Normalizing Flows

* Requires a bijection between the input and output.
* Needs to maintain dimensionality.

\ _
~ N\ 2\
z - ,
mg,x Egnpy,.. l0g pnr(x;0) = log po(fo(x); 0) + log ( det ( J;Oiw)) )
— c :

—

SOUJL;/(/ C(L/\ i (?// NYU




Normalizing Flows

* Requires a bijection between the input and output.
* Needs to maintain dimensionality.

* Needs an efficient way to estimate determinant of Jacobian (typically
O(n"3)).

det

0 fo(x) D

max Ezp,... log pnr(x; 0) = log po(fo(x); 0) + log ( o

0




Adding Constraints in Transformation

 Rezende & Mohamed (2015):

f(z) =z+uh(w'z+0b).

Rezende & Mohamed. Variational Inference with Normalizing Flows. ICML 2015.



Adding Constraints in Transformation

* Determinant of Jacobian: PO MR

V(z) =R (w'z+bw.

Rezende & Mohamed. Variational Inference with Normalizing Flows. ICML 2015.



Adding Constraints in Transformation

 Rezende & Mohamed (2015):

f(z) =z+uh(w'z+0b).
* Determinant of Jacobian:

Y(z) =h(w'lz+bw

= [ det(l - up(2) )] = 1+ uT4i(z)].

@
Rezende & Mohamed. Variational Inference with Normalizing Flows. ICML 2015. 1 NYU




Masked Autoregressive Flow (MAF)

* Another way to make Jacobian determinant computable -> Lower
triangular matrix.

Papamakarios et al. Masked Autoregressive Flow for Density Estimation. NIPS 2017.



Masked Autoregressive Flow (MAF)

* Another way to make Jacobian determinant computable -> Lower
triangular matrix.

* Consider the autoregression of generating on time.

Ly — ,qu;(iv1:z'—1)
@: MZ(xlz—1> + O'i(xl:i—l@ v O"(:El.' 1) .
ANl S

Papamakarios et al. Masked Autoregressive Flow for Density Estimation. NIPS 2017.



Masked Autoregressive Flow (MAF)

* Another way to make Jacobian determinant computable -> Lower
triangular matrix.

* Consider the autoregression of generating one dimension at a time.
T — i (T1:5-1)
0i(T1:5-1)

ri = pi(T1i-1) + 0i(T10-1)20, 2 =

> X

* z;does not depend on x; for any j > i. Lower triangular.

L] sforany > z\\////‘/

/ —
| | i ANYU
Papamakarios et al. Masked Autoregressive Flow for Density Estimation. NIPS 2017. 1




Masked Autoregressive Flow (MAF)

* Another way to make Jacobian determinant computable -> Lower
triangular matrix.

* Consider the autoregression of generating one dimension at a time.
T — i (T1:5-1)
0i(T1:5-1)

= pi(T1i-1) + 05(T15-1) 25, 2 =
* z,does not depend on x; for any j > i. Lower triangular.

D
log | det J| :ZIOg

1=1

Papamakarios et al. Masked Autoregressive Flow for Density Estimation. NIPS 2017.




MAF vs [AF

* MAF inference can be parallelized by directly passing different
window of the inputs. (during training)

¢

Kingma et al. Improving Variational Inference with Inverse Autoregressive Flow. NIPS 2016.



MAF vs [AF

* MAF inference can be parallelized by directly passing different
window of the inputs. (during training)

* Sampling needs to be sequential: One input dimension at a time.

Kingma et al. Improving Variational Inference with Inverse Autoregressive Flow. NIPS 2016.




MAF vs [AF

* MAF inference can be parallelized by directly passing different
window of the inputs. (during training)

* Sampling needs to be sequential: One input dimension at a time.

* Inverse Autoregressive Flow (IAF) does the reverse. Parallel sample,
sequential inference (slow training).




Block Autoregressive Flows

* Using blocks, permutations, and element-wise operations

Unpatchify

aot Mot ot prt oee ait pt
Z°t+1 Z1t+1 zzm sz z4t+1 Zst+1 Zsm Z7t+1 Zsm !
Transformer AR Flow Block F(-) xT Causal Transformer
Ft t t Ft Ft t t
Z I 7 7 7 7 s lalz2 |44 | 2 |4
: Permutation m'(z")
A 1 9 [ S o - Zy Z! z Z z z zf
:4 " %1 i 1 ‘ V ¥ ,r; }i-;;'

Patchify Transformer AR Flow Block

Zhai et al. Normalizing Flows are Capable Generative Models. ICML 2025.

uat

t=0

(2f — pi(2L,)) © exp(—af(ZL;)) >0
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Full-Rank Jacobian

* |s it possible to make the architecture more flexible?

iy omn
inancn it
if i 0 "l
HEE BN = | N |
T "1 "M
Low-rank

Auto-regressive

Behrmann et al. Invertible Residual Networks. ICML 20189.

Full-rank

Image Credit

ANYU



https://mlg.eng.cam.ac.uk/blog/2024/01/20/flow-matching.html

Invertibility of ResNet

Standard ResNet Invertible ResNet

Ti4+1 < Tt + go, (ZEt) oup oup

Depth




Invertibility of ResNet
Y L‘@\

% % 7<% Ji k Standard ResNet Invertible ResNet
i

Output Output

Tiy1 < Tt + go, (T4)

* The inverse can be recovered from fixed
point iteration if Lip(g) < 1

Depth

Ly = Tt41

Lt+1 — 90, (x,’f)

8
]




Invertibility of ResNet

Standard ResNet Invertible ResNet

Tt+1 < Tt 1 9o, (ZEt) oup tput

* The inverse can be recovered from fixed
point iteration if Lip(g) < 1.

Depth

Lt+1 — 90, (x,’f)

8
]

* MAF uses lower triangular Jacobian
structure while iResNet uses approximation.




Estimating Jacobian Determinant

Grathwohl et al. FFJORD: Free-form Continuous Dynamics for Scalable Reversible Generative Models. ICML 2019. (C// NYU
Behrmann et al. Invertible Residual Networks. ICML 2019. J




Estimating Jacobian Determinant

* Using power series to estimate det J.
log | det Jp| =\tr(

tr(log(f + Jg)) = |

Grathwohl et al. FFJORD: Free-form Continuous Dynamics for Scalable Reversible Generative Models. ICML 2019. (C/l NYU
Behrmann et al. Invertible Residual Networks. ICML 2019. J




Estimating Jacobian Determinant

* Using power series to estimate det J.
log |det Jp| = tr(lo

tr(log(f + Jy)) =

* To compute the trace without the full
Jacobian. Use a stochastic estimate:

r(A) IEZ[UTAU].

Grathwohl et al. FFJORD: Free-form Continuous Dynamics for Scalable Reversible Generative Models. ICML 2019. (@l NYU
Behrmann et al. Invertible Residual Networks. ICML 2019. J




Estimating Jacobian Determinant

* Using power series to estimate det J.

log |det Jp| = tr(log Jr).
=0t
tr(log(I + Jg)) = » (=1)F*

k=1

* To compute the trace without the full

Draw v from N(0, I)

wl =T

Indet :=0

for £ = 1tondo

T .= w? J, (vector-Jacobian product)

Indet = Indet +(—1)*1wT v/k

. : : end for
Jacobian. Use a stochastic estimate:
_ T
tr(A) = E[lv' Av].
v
Grathwohl et al. FFJORD: Free-form Continuous Dynamics for Scalable Reversible Generative Models. ICML 20189. (?l NYU

Behrmann et al. Invertible Residual Networks. ICML 2019.




Summary: Normalizing Flow

* Requires invertibility and tractability on Jacobian determinant
* Constraint on the functional form

* Or estimation of Jacobian / iterative inverse (numerical
approximation).

)
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Inference as Integration /&) -

* Residual Flow: o(xr) =z + du(x) /

o) — ] _
= ()




Inference as Integration

* Residual Flow: o(xr) =z + du(x)

’ I

* Can be written in continuous time (continuous normalizing flow).

L
r: = ¢ (0) x0+/@3 Ts) ds.
N —




Inference as Integration

* Residual Flow: o(xr) =z + du(x)

¢(x) —x
)
 Can be written in continuous time (continuous normalizing flow).

Ty = ¢r(T0) = X0 +/ dus(xs) ds.
0

* Integration: Euler, or directly run an ODE solver

= u(z)




Inference as Integration

* Residual Flow: o(xr) =z + du(x)

¢(x) —x
)
 Can be written in continuous time (continuous normalizing flow).

Ty = ¢r(T0) = X0 +/ dus(xs) ds.
0

* Integration: Euler, or directly run an ODE solver

= u(z)

* Backprop solving an ODE without storing intermediate states

e




Flow Matching

* Taking integrals during training is cumbersome, and the learning

fig]al from the top latent is weak.

Lipman et al. Flow Matching for Generative Modeling. ICLR 2023.

o B
=il P
a1




Flow Matching

* Taking integrals during training is cumbersome, and the learning
signal from the top latent is weak.

* Given an original input 1 and a noise ZIJO,@ Qo + txy
ks

XO 4z 9
}7/ K-
J

@
Lipman et al. Flow Matching for Generative Modeling. ICLR 2023. 1 NYU




Flow Matching

* Taking integrals during training is cumbersome, and the learning
signal from the top latent is weak.

* Given an original input 1 and a noise xo, z; = (1 — t)xg + t:z:l7<
O

.—’\/_’_\

* Want to fit a velocity@to matd@: T1 — Zg
\J &

A

Lipman et al. Flow Matching for Generative Modeling. ICLR 2023.



Flow Matching

* Taking integrals during training is cumbersome, and the learning
signal from the top latent is weak.

* Given an original input 1 and a noise xg, z; = (1 — t)xo + txy
* Want to fit a velocity v¢() to match us = 1 — xg
* Flow Matching learning objective:

Lrn(0) =Bt oo [|l0(@e,t) — ue(@o, 21)]|°]




Diffusion Models

* A popular generative model formulation.




Diffusion Models

* A popular generative model formulation.

* The intuition is to iteratively denoise from Gaussian random noises
Into an iImage.




Diffusion Models

* A popular generative model formulation.

* The intuition is to iteratively denoise from Gaussian random noises
Into an iImage.

q(xe|xe—q)

Original Image Pure Noise




Diffusion Models

* Forward process: q(x¢|xi—1) = N (x4 v/ 1 — Brxi—1, Bil).

q(xe|xe—q)

Original Image Pure Noise




Diffusion Models

* Forward process: q(x¢|xi—1) = N (x4 v/ 1 — Brxi—1, Bil).
e You can also write: x; = /1 — Bexi—1 + /Bres, € ~ N(0,1).

q(xe|xe—q)

o 00 O
=

Original Image Pure Noise




Properties of the Forward Process

 Forward process: =+ = /1 — Brxi—1 + /Bier




Properties of the Forward Process

 Forward process: =+ = /1 — Brxi—1 + /Bier

* Write x; as a function of x, with larger noises:

q(z¢|zo) = N(xe;v/agxg, (1 — ay)I).




Properties of the Forward Process

 Forward process: =+ = /1 — Brxi—1 + /Bier

* Write x; as a function of x, with larger noises:

q(@e|w0) = N (45 v/aewo, (1 — ax)I).

. _ t
 Cumulative schedule: @t =1— 0. o = [._; @s.




Properties of the Forward Process

 Forward process: =+ = /1 — Brxi—1 + /Bier

* Write x; as a function of x, with larger noises:

q(@e|w0) = N (45 v/aewo, (1 — ax)I).

. _ t
 Cumulative schedule: @t =1— 0. o = [._; @s.

o Tt — \/O_étZE() -+ \/1 — 54756.




Reverse Process

* A generative model wants to predict x, from x.

Do (Xp_1]x¢)

© 00 O
N E

Generated Image Pure Noise




Reverse Process

* A generative model wants to predict x, from x.

* The reverse process transition is also Gaussian distributed. But we
don’t know what the transition will be like just by looking at the noisy
Image!

Do (Xp_1]x¢)

Generated Image Pure Noise




Reverse Process

* SO, we need to learn a “model”:
po(Ti—1|ms) = N (215 po (4, 1), Lo (4, 1)).

Do (Xp_1]x¢)

© 00 ©
°o °

Generated Image Pure Noise




Reverse Process

* SO, we need to learn a “model”:

po(Ti—1]wt) = N(zt—1; po(we, 1), Xp (1, 1)).
* Ug is the denoising vector.

Do (Xp_1]x¢)

o 00 O
] H

Generated Image Pure Noise




Reverse Process

e Compute ug? Derive p(x;_1]x;).




Reverse Process

e Compute ug? Derive p(x;_1]x;).

* Bayes rule: q(ze|zi—1)q(wi—1)

q(xt)

Q(th—l‘xt) —




Reverse Process

e Compute ug? Derive p(x;_1|x;).

* Bayes rule: q(ze|zi—1)q(wi—1)

q(xt)

Q(th—l‘xt) —

e But we don’t know the marginal distribution q(x;_1). We only know
qr and q(x¢|x:—1).




Reverse Process

e Compute ug? Derive p(x;_1|x;).

* Bayes rule: q(ze|zi—1)q(wi—1)

q(xt)

Q(th—l‘xt) —

e But we don’t know the marginal distribution q(x;_1). We only know
qr and q(x¢|x:—1).
* Solution: Condition on the original input x:

q(we—1]2t, 20) = Q(x”mtq_(:lcii]a(:z}ﬁ_l'%)




Reverse Process

q(ze|re—1)q(Ts—1]T0)
q(zt|To)

C]($t—1\$taﬂfo) =




Reverse Process

q(ze|re—1)q(Ts—1]T0)
q(zt|To)

Q(xt—l ‘xta 370) —

Q(xt—l‘ajta CEO) — N(It—l; i, BI)




Reverse Process

q(ze|re—1)q(Ts—1]T0)
q(zt|To) '

Q(xt—l ‘wta 370) —

q(zi—1]|Te, T0) = N (2415 it BI)

0 — \/a—t(ajt - 1Bi@t €).

fiy = \/a_tgft_lxt 4 \/atB—tlﬁtx 1




Reverse Process

q(ze|re—1)q(Ts—1]T0)
q(zt|To) '

Q('rt—l ‘xta CEO) —

q(zi—1]|Te, T0) = N (2415 it B])

0= \/a—t(CUt - 1Bi@t €).

fiy = \/a_tgft_lxt 4 \/atB—tlﬁtx _ 1

* Want: train up a ug to match with f;.




Training

e Sometimes it is more common to
predict the denoising vector €

instead of .
i = 1 (zt — o €),
VOt V31— oy
1 o7




Training

e Sometimes it is more common to
predict the denoising vector €
instead of .

* Randomly pick at a time step and
predict the difference between the
noisy and the original.

= —— ()~ o
ft \/OTtt \/1——C_¥t’
1 B

:ue(ajt?t) — \/CTt(:Ct o \/1_—0—%69(3375))‘




Training

* Sometimes it is more common to  Algorithm 1 Training

predict the denoising vector € 1: repeat
i 2: xo ~ q(x0)
instead of H- 3: (r)v U(IIIifOOI‘m({l, T}
* Randomly pick at a time step and 451: €~ N((c){.l) |
. . . € gra 1ent descent step on
prgdlct the dlffe're.nce between the Vo [le — o (Varxo + vT=are,t)[
noisy and the original. 6: until converged
fir = =y~ o)
t o t 1 — C_Vt )
1 B




Sampling

* How do we sample an image?

Algorithm 2 Sampling

1. x7 NN(O,I)
2: fort=1T,...,1do
3: z~N(0,I)ift > 1,elsez=0

4: X1 = \/%—t (Xt — %@(mﬁ)) + 012

5: end for
6: return xg




Sampling

* How do we sample an image?

« We know g which will help us Algorithm 2 Sampling
transition from x; to x;_;. 1: xr ~ N(0,T)
1 675 2: fort =T,...,1do
60(3715))- 3: z~N(0,I)ift > 1,elsez =0

o (xt t) — (CEt — —

| V &t \/1_—0575 4 X1 = \/%—t (Xt — 1—,%69()(7:,75)) + 012
5: end for
6: return xo




Sampling

* How do we sample an image?

* We know g which will help us Algorithm 2 Sampling

transition from Xy tO xX¢_q. It %1 ~ N0, T)
2: fort=1T,...,1do
( ( )) 3: z~N(0,I)ift >1,elsez=0

By
— €\ Tt )). ) .
\ 1 — (¢ 4: x4-1 = WS (Xt - FGO(Xt, )) + o0tz
5: end for
6: return xo

2% (xtv t) \/—

. 2
o Sample fromN<xt—17 o <xt7 t)? Oy )

.0, can either be B, or B, derived
from the posterior.

ANYU




Deep Generative Models Summary




Guided Diffusion

* We can add guidance on the diffusion updates at inference time.

Classifier Guidance / External Score Model

€« eo(w¢) — /1 — @ Va, log pg(ylzs)
z¢_1 < sample from N (u + sX V,, logpg(y[21),X) 1 « /A1 (% \/;5‘“") + /1T —a&;_1€

Dhariwal & Nichol. Diffusion Models Beat GANs on Image Synthesis. NeurlPS 2021. (@/ NYU
Ho & Salimans. Classifier-Free Diffusion Guidance. 2022. !




Guided Diffusion

* We can add guidance on the diffusion updates at inference time.

Classifier Guidance / External Score Model

€< €g(zt) — V1 — 0y Vi, log py (y|x:)
z¢_1 < sample from N (u + sX V,, logpg(y[21),X) 1 « /A1 (% V;_t—&fe) Il @

* We also can train a conditional diffusion model.

repeat
(x,¢) ~ p(x,c) > Sample data with conditioning from the dataset
c < @ with probability pynconda > Randomly discard conditioning to train unconditionally
A~ p(A) > Sample log SNR value
e ~N(0,I)
Z) = Q)X + O)\€ > Corrupt data to the sampled log SNR value
Take gradient step on V ||€s(z», c) — €| > Optimization of denoising model

until converged

Dhariwal & Nichol. Diffusion Models Beat GANs on Image Synthesis. NeurlPS 2021. (Q/‘ NYU
Ho & Salimans. Classifier-Free Diffusion Guidance. 2022. !




Test-Time Guidance / Adaptation

* Diffusion can be combined / guided at test time.

Unshaped @ “Change to the left lane”

i 3
L 1 !

Yang et al. Diffusion-ES: Gradient-free Planning with Diffusion for Autonomous and Instruction-guided Driving. CVPR 2024.

(a) (b)




Generating Simulation Scenes

WS 4
~ ~—

N ~—

p -
//,\\\

Spatial Region Constraint

Scene Input

(.

g , /. 4
£ 3
)
i Random £ i 4
&’ Y [ |

‘ Initialization ‘

= | » ‘Be. R

On-road Constraint

Actor Attribute Constraint Initial Scene Constraint Collision Constraint

Final Scene

.
,l

s A
> ... [ L/
T Diffusion Steps i

Each Diffusion Step

Constraints i Predicted N’oise
[/ v "
g Diffusion Model —»  7* 8 ,lf‘
‘ ” i
Guidance Gradient
Region Y ‘
Density ~ Speed » Guidance Function — ==, (]
- — — ;//://///, ’,

Lu et al. SceneControl: Diffusion for Controllable Traffic Scene Generation. ICRA 2024.




Reward

o—S5

| N\

Non-Differentiable Rewards?

Inference

e

~
\\d/'
~
~o

t =T — Denoising — t =0

Best-of-N

e

e

s

t =T — Denoising — ¢

=0

FK Steering

<

i S —

FEKNRE

t =T — Denoising —

=(

» ) ) ., (1) Iteratively de-noise z7 — xp_1 — ... = Tg.
Prompt: a green SIop Signin ar ed ﬁeld (2) Generate multiple samples (particles).
(3) Resample promising particles at intermediate steps.

Singhal et al. A general framework for inference-time scaling and steering of diffusion models. ICML 2025.




Diffusion Models for Detection

q(xelxe-1)

iy

'ér. :;_ E
~<;._.- ‘-t\> '-;;._n;‘-—\‘\ ai >

Po(X—1]%t)
— —_— 00 e —)
F\\ ///

.

—

Figure 1. Diffusion model for object detection. (a) A diffusion
model where q is the diffusion process and py is the reverse pro-
cess. (b) Diffusion model for image generation task. (c) We pro-
pose to formulate object detection as a denoising diffusion process

from noisy boxes to object boxes.

Chen et al. DiffusionDet: Diffusion Model for Object Detection. ICCV 2023.
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Explicit Policy

Fg(o)

Representation

p(a)

Scalar (Regression)

4

I

I
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I
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I

I
- A I
YA 1
‘ I
Mixture of Gaussians :
I

I

I

I

Categorical

(a) Explicit Policy

Planning and Control

= -
Bioa) |

@ @ 19% 05 00 05 1.0
O

(b) Implicit Policy

Chi et al. Diffusion Policy: Visuomotor Policy Learning via Action Diffusion. RSS 2023.

Diffusion Policy

= vy
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Gradient Field
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(c) Diffusion Policy
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Diffusion for Planning and Control

Input: Image Observation Sequence Observation O« Ous

4 Al

4 Al . . >
_JoamaE] [ ¢ o

Diffusion Policy €4(O, A, k)

' >
Action Seauence A
<——Prediction Horizon Tp—
At+4
: ; ™
: A A At |
Output: Action Sequence a) Diffusion Policy General Formulation

Chi et al. Diffusion Policy: Visuomotor Policy Learning via Action Diffusion. RSS 2023.
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Summary: DL for Structured Outputs

* Expanding the output dimension has limitations.

* Requires us thinking about deep generative models.
* Graphical models
* Autoregressive
* Energy-based
* Normalizing flow
* Diffusion

* Understand relations, pros and cons.

* Application in embodied environments.




What’s Next

* Tutorial on HPC
* Next week: 3D vision, mapping




